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QUADRATIC SPLINE-ON-SPLINE 
G. BEHFOROOZ 
Department of Mathematics, Utica College of Syracuse University 
Abstract. Recently Dolezal and Tewarson [Z], and Papamichael and Soarer [S] have con- 
sidered the cubic zpline-on-spline for the purpose of the approximating the derivatives 
~(~1, yc3), and ~(‘1. In this paper their ideas have been extended and the quadratic spline- 
on-spline has been established for the same purpose. This technique yields better results 
than the traditional process using a single quadratic spline. 
1. INTRODUCTION 
Suppose that the interval [a, b] is partitioned by inserting the following uniform points: 
(b - o) 
zi = a +ih; i = O(l)k, h = 7. (1.1) 
Let y = f(z) E C”(a,b]; m 2 1, and yi = f(zi). The quadratic spline-on-spline tech- 
nique can be described as follows: 
(1)Construct the quadratic spline S,(Z) which interpolates the function y = j(z) at the 
knots (1.1); i.e. 
So(G) = Yi; i = O(l)lc, (1.2) 
and satisfies the end condition 
S$l) (ZJ = y(l) (ZJ. (1.3) 
(2)Foranyn= 1,2,... ,p; (p 1 l), construct the quadratic spline S,,(Z) which interpolates 
the first derivative of the previous quadratic spline S:~,(Z) at the knots (1.1); i.e. 
S*(Z) = So,. I 1 , i = O(l)k, (1.4) 
and satisfies the end condition 
Sn(ZO) = y(n+l)(z,). (1.5) 
This quadratic spline-on-spline technique can be used to approximate the derivatives yt2) 
and yc3), respectively by 572’; n = 1,2. 
2. ORDER OF CONVERGENCE 
The following theorems on the order of convergence of the quadratic spline-on-spline can 
be established by using the results of Behforoos [l], U smani [4], and adapting the analysis 
of Papamichael and Soares [3]. We state the theorems without proof. 
THEOREM 2.1. If y E C4[u,b] and So(z) be the quadratic spLine interpolating the 
function y at the knots (1.1) with the end condition (1.3) then 
I@qz) - Y”‘(Z)ll = O(P’); r = 0(1)2. 
THEOREM 2.2. If y E C4+n[a, b], and n 2 1, then 
]]S!?(Z) - Y(“+~)(z)]] = 0(h4-n-i); j = O(l)3 - n, n = 1(1)2. 
The theorem 2.2 shows that using the quadratic spline-on-spline leads to an accuracy of 
one additional order of convergence. 
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3. END CONDITIONS 
To construct the quadratic spline-on-spline we need three end conditions. The end con- 
ditions (1.3) and (1.5) require more knowledge about the derivatives of the function 
y = f(z) at 2 = a, namely, y(‘l(z,), yf21(z,), and Y(~)(z,). 
In an interpolation problem these values are not usually available, and we have only the 
function values at the knots (data). The following end conditions can also be used for 
these purposes; see Behforooz [1] 
W(z0) = &J-3% + 4y1 - y2], 
s?l (zO) = i [-3s5 (ZJ + 4sfi, (51) - ss, (22)]; n = 1,2. 
(3.1) 
(3.2) 
These conditions are approximate values for the derivatives rather than exact values, and 
are all in terms of given function values at the knots. 
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